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We investigate the effects of a linear resonator on the high-frequency dynamics of electrons in devices
exhibiting negative differential conductance. We show that the resonator strongly affects both the dc and ac
transport characteristics of the device, inducing quasiperiodic and high-frequency chaotic current oscillations.
The theoretical findings are confirmed by experimental measurements of a GaAs=AlAs miniband semi-
conductor superlattice coupled to a linear microstrip resonator. Our results are applicable to other active solid
state devices and provide a generic approach for developing modern chaos-based high-frequency
technologies including broadband chaotic wireless communication and superfast random-number generation.
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The interaction of matter with electromagnetic (EM)
waves confined within a resonator remains one of the
most important and widespread problems in physics. This
generic system has many implications in different areas of
science including cold atoms [1], quantum engineering [2],
metamaterials [3], and THz and nanoscale lasers with
submillimeter wavelength cavities [4,5]. In electronics
and optics, resonators are often used to enhance the
generated power [4] or to tune the frequency of radiated
EM waves [6]. The action of a high quality resonator may
also provide a way to achieve monochromatization and
coherence purification of electromagnetic output [7].
Devices that exhibit negative differential conductance
(NDC) have great potential to operate in the technologically
important GHz–THz frequency range, even at room temper-
ature. At high carrier density [8], the NDC triggers the
formation of propagating charge domains [9], and active EM
properties. This includes an ability to amplify an injected high
frequency signal [10]. Here we focus on a semiconductor
superlattice (SL), where the physical mechanism for NDC is
the onset of Bloch oscillations in a single miniband [11–14].
This type of device is different from quantum cascade lasers
(QCLs) [15], used as sources of THz radiation [16–20].
The dynamics of charge domains in miniband SLs can be
effectively controlled by applying alternating electric or
tilted magnetic fields [21–23]. The propagating and peri-
odically pulsing charge domains in GaAs=AlGaAs SLs
produce a powerful high-frequency GHz radiation [24] and
very effective frequency multiplication up to several THz
[25]. However, the influence of EM resonators on the
electron dynamics in SLs is still largely unexplored [26].
To address this question we theoretically and experi-
mentally study how a linear resonator induces high-
frequency chaotic current oscillations in a SL. Such
oscillations with a frequency up to 400 GHz appear in
multilayer semiconductor structures made of reverse p-n
junctions [27]. They arise due to nonlinearity associated with
asymmetric doping. The nonlinearity can be also imposed by
contacts, load lines, and even parasitic capacitances [28]. In
our case, the uniformly doped miniband SL with Ohmic
contacts generates only regular dynamics. However, we
show, counterintuitively, that even a linear resonator can
drive the regular oscillations chaotic. By changing the voltage
applied to the coupled SL and resonator, one can switch
between periodic, quasiperiodic, and chaotic current oscil-
lations in SLs that exhibit only periodic oscillations in the
absence of a resonator. Our theoretical analysis and experi-
ments are in good quantitative agreement. The phenomena
that we identify suggest applications for new resonant control
of dynamics in solid state systems with NDC.
High-frequency chaotic generators are currently in
strong demand in a number of modern key technologies
including fast random-number generation (see [29] and
references therein) and chaos-based communication sys-
tems [30–32]. However, in contrast to the optical frequency
range, chaotic sub- and terahertz generators are still
underdeveloped [29]. Our findings propose a generic
approach to develop such generators.
We consider a SL interacting with a resonator, as shown
schematically in Fig. 1(a). We assume that only one EM
field mode is excited in the resonator, which has the
eigenfrequency fQ and quality factor Q, and can be
represented by the equivalent RLC circuit shown in
Fig. 1(b). The SL serves as a generator of electric current
I, controlled by a voltage VSLðtÞ, dropped across the SL,
which includes both the dc supply voltage V0 and the ac
voltage V1ðtÞ generated by the RLC circuit.
To make our model realistic we follow the approach
described in [23], with SL parameters taken from recent
experiments [21,22]. The miniband transport region is
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discretized into N ¼ 480 layers, each of width
δx ¼ 0.24 nm, small enough to approximate a continuum
and ensure convergence of the numerical scheme. The
discretized current continuity equation [33] is
eδx
dnm
dt
¼ Jm−1 − Jm; m ¼ 1;…; N; (1)
where e > 0 is the electron charge , nm is the charge density
at the right-hand edge of themth layer, at position x ¼ mδx,
and Jm−1 and Jm are the areal current densities at the left-
and right-hand boundaries of the mth layer
Jm ¼ enmvdðF¯mÞ; (2)
where F¯m is the mean field in the mth layer [23]. The drift
velocity, vdðF¯Þ, corresponding to the electric field, F¯, can
be calculated as in [34]:
vd ¼
Δd
2ℏ
I1ðΔ=2kBTÞ
I0ðΔ=2kBTÞ
eF¯dτ=ℏ
1þ ðeF¯dτ=ℏÞ2 ; (3)
where d ¼ 8.3 nm is the period of the SL, Δ ¼ 19.1 meV
is the miniband width, T ¼ 4.2 K is the temperature, kB is
the Boltzmann constant and InðxÞ, where n ¼ 0, 1, is a
modified Bessel function of the first kind.
The electric fields Fm and Fmþ1 at the left- and right-
hand edges of the mth layer, respectively, are related by the
discretized Poisson equation [33]
Fmþ1 ¼
eδx
ε0εr
ðnm − nDÞ þ Fm; m ¼ 1;…; N; (4)
where ε0 and εr ¼ 12.5 are, respectively, the absolute and
relative permittivities and nD ¼ 3 × 1022 m−3 is the n-type
doping density in the SL layers [21]. The current density
injected into the contact layers of the SL subjected to
the field F0 is J0 ¼ σF0, where σ ¼ 3788 Sm−1 is the
conductivity of the heavily doped emitter [23]. The voltage
VSL dropped across the SL defines a global constraint:
VSL ¼ U þ
δx
2
XN
m¼1
ðFm þ Fmþ1Þ; (5)
where the voltageU dropped across the contacts includes the
effect of charge accumulation and depletion in the emitter and
collector regions, and the voltage across the contact resistance
[23], R ¼ 17 Ω. Finally, the current through the device is
IðtÞ ¼ A
N þ 1
XN
m¼0
Jm; (6)
where A ¼ 5 × 10−10 m2 is the cross-sectional area of the
SL [13,21,23].
We apply Kirchoff’s equations to the equivalent circuit
shown in Fig. 1(b) and obtain the following equations:
dV1
dt
¼ IðVSLÞ − I1
C
;
dI1
dt
¼ V0 − VSL þ RI1 þ RlIðVSLÞ
L
;
(7)
where V1ðtÞ and I1ðtÞ are, respectively, the voltage
across the capacitor and the current through the inductor
[see Fig. 1(b)]. Thus, the voltage dropped across the SL is
VSL ¼ V1 þ V0. The eigenfrequency of the resonator isfQ ¼
1=ð2π ffiffiffiffiffiffiffiLCp Þ and the quality factor is Q ¼ ð1=RÞ ffiffiffiffiffiffiffiffiffiL=Cp .
The current through the SL is either constant or oscillates
depending on the voltage V0 applied to the circuit. If the
SL is decoupled from the resonator (V1 ¼ 0), its current-
voltage characteristic, IðVSLÞ, is of the Esaki-Tsu type [11]
and the current oscillations are always periodic [23].
However, if the resonator is coupled to the SL, the circuit
behavior changes greatly.
In the coupled regime, the IðVSLÞ characteristic obtained
by averaging the current IðtÞ [Eq. (6)] over time is shown in
Fig. 2 by the dark gray (red) curve, which has a form
similar to one discussed in [35]. In both cases there are
charge domains, whose instabilities or transformation lead
to the appearance of specific features in the IðVÞ curves.
However, we considerminiband transport, while inRef. [35]
sequential tunneling is discussed.
For low voltages, the IðV0Þ curve is Ohmic and the
current attains a maximum value when V0 ¼ Vcrit (marked
by the arrow in Fig. 2). Thereafter, the current tends to
decrease with increasing V0 due to the onset of Bloch
oscillations. However, for V0 > Vcrit there is a series of
peaks in IðV0Þ, which do not occur in the absence of
the resonator. These peaks correspond to the transitions
between the periodic and chaotic dynamical regimes. To
illustrate this, in Fig. 2 we superimpose a bifurcation
diagram in which each point shows the local maximum
value of V1ðtÞ (RH scale) obtained for each V0 value
(omitting any initial transient behavior). Thus, for a given
V0, a single point in the bifurcation diagram represents
either a steady state or periodicV1ðtÞ oscillations. Similarly,
several separated points indicate period-added oscillations
and a complex set of points implies either quasiperiodic or
chaotic behavior. Figure 2 reveals that each peak in the
IðV0Þ curve corresponds to a transition between different
types of dynamics in the bifurcation diagram. With
I( )VSL
Rl R
LC
-V0
V1
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Resonator
Microwaves
Superlattice
I1
FIG. 1 (color online). (a) Schematic diagram of a semiconduc-
tor superlattice coupled to an external EM resonator. (b) Equiv-
alent circuit for a SL interacting with an external single-mode
resonator. Here C, L, and R are the equivalent capacitance,
inductance, and resistance of the resonator, IðVSLÞ is the current
through the SL, with voltage VSL dropped across it, and V0 is the
dc supply voltage. The load resistance is Rl ¼ 0.1 Ω.
PRL 112, 116603 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending
21 MARCH 2014
116603-2
increasingV0, the dynamics changes first from a steady state
solution to periodic oscillations whenV0 ≈ Vcrit. Thereafter,
increasing V0 induces multiple transitions between periodic
and aperiodic oscillations, with each transition correspond-
ing to a peak in the IðV0Þ curve. For example, when V0 ≈
0.5 V and V0 ≈ 0.83 V, we find peaks in the IðV0Þ curve
and a transition between periodic and chaotic dynamics.
The presence of chaos is confirmed by calculation of the
Lyapunov exponents [36] (see Fig. S1 in the Supplemental
Material [37]). Note, the SL demonstrates a transition to
chaos through intermittency with increase of the dc voltage
V0 (see Supplemental Material [37], Fig. S2).
Transitions between different oscillatory regimes can
also be realized by fixing the parameters of the SL and
varying those of the resonator. For example, Fig. 3(a)
shows the bifurcation diagram obtained by varying the
resonator eigenfrequency fQ when V0 ¼ 0.54 V. The varia-
tion of fQ produces a number of bifurcations leading to the
appearance and disappearance of aperiodic oscillations. The
regions of chaotic oscillations [shaded gray in Fig. 3(a)] are
separated by a narrow region of periodic oscillations.
To gain further insight into transitions between the
dynamical regimes, in Figs. 3(b), (c) we show the Fourier
power spectra of the V1ðtÞ oscillations for fQ values fQp ¼
13.07 (b) and fQc ¼ 13.81 GHz (c) [marked by vertical red
dashed lines in Fig. 3(a)] before and after the onset of chaos at
fQ ¼ 13.6 GHz [upper arrow in Fig. 3(a)]. Figures 3(d) and
3(e) show the corresponding phase portraits of the oscilla-
tions [V1ðtÞ, V1ðt − τÞ] constructed by the Takens method
(the method of delayed coordinates) [38] with time delay
τ ¼ 0.3 ps. Before the transition, when fQp ¼ 13.07 GHz,
the oscillations have a discrete spectrum [Fig. 3(b)] with
equidistant peaks reflecting the periodic character of V1ðtÞ,
which is confirmed by the closed phase trajectory [Fig. 3(d)].
After the transition, when fQc ¼ 13.81 GHz, the frequency
spectrum becomes continuous [Fig. 3(c)], and the trajectory
in Fig. 3(e) fills the phase space, indicating chaotic dynamics.
We emphasise that the appearance of chaos in a SL coupled
to a linear resonator is surprising because chaos is a
fundamentally nonlinear phenomenon. Note, the SL does
not reveal chaos when it is decoupled from the resonator.
In Fig. 4 we show the parameter space (fQ, Q),
illustrating the regions of chaotic dynamics (shaded gray).
The figure reveals that chaos is a robust phenomenon,
which appears for a wide range of fQ values and depends
critically on the Q factor of the resonator. Chaotic oscil-
lations only appear when Q exceeds a threshold value,
which, for V0 ¼ 0.54 V, is ≈50. Increasing Q above 50,
the width of the chaotic region in fQ initially increases
and then saturates for Q > 150. Since the frequency
of the current oscillations in the decoupled SL is fSL ¼
16.76 GHz when V0 ¼ 0.54 V, we conclude that chaos
occurs when fQ is well detuned from fSL.
It is also important to consider how any parasitic
capacitance and inductance associated with the wires and
contacts to SL devices affects the system dynamics. To
study this we consider an equivalent circuit, which takes
into account this parasitic reactance in addition to the
influence of an external resonator (see [37], Fig. S3 for an
equivalent circuit of a SL coupled to two resonators). Our
calculations reveal that this system can also exhibit chaotic
oscillations. This is shown in Figs. 5(a)–(c) where a
transition from periodic (a) to quasiperiodic (b),(c) current
oscillations occurs with increasing V0. Here, the parasitic
resonator is characterized by the quality factorQ1 ¼ 20 and
eigenfrequency fQ1 ¼ 2.82 GHz and the external resonator
has parameters Q2 ¼ 37.6 and fQ2 ¼ 3.1 GHz.
When V0 ¼ 0.42 V [Fig. 5(a)] the system exhibits peri-
odic V1ðtÞ oscillations (right panel) with a single dominant
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FIG. 2 (color online). IðV0Þ (red curve, scale on the left-hand
axis) calculated for a SL coupled to a resonator with fQ ¼
13.81 GHz and Q ¼ 150. Overlaid is the bifurcation diagram
(black dots) of the voltage oscillations V1ðtÞ (right-hand axis)
versus V0. The critical value V0 ¼ Vcrit for the onset of the
calculated microwave generation is shown by the arrow.
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FIG. 3 (color online). (a) Bifurcation diagram showing local
maxima V1 of the voltage oscillations V1ðtÞ versus fQ at
V0 ¼ 0.54 V. The gray panels mark the fQ ranges where chaotic
oscillations occur. (b),(c) Power spectra of voltage oscillations
V1ðtÞ for the resonator frequencies [vertical red dashed lines in
(a)] fQp ¼ 13.07 (b) and fQc ¼ 13.81 GHz (c). The correspond-
ing time-delayed phase trajectories are shown in (d) and (e).
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frequency ≈3.5 GHz in the Fourier power spectrum (left
panel). Increasing V0 to 0.43 V [Fig. 5(b)] changes the
character of the oscillations: the Fourier spectrum starts
to show peaks at combination frequencies (left panel), and
the V1ðtÞ oscillations become quasiperiodic (right panel).
Finally, by increasing V0 to 0.44 V [Fig. 5(c)] we find that
the V1ðtÞ oscillations (right panel) are chaotic with a broad
spectrum (left panel). This evolution of the V1ðtÞ curves
and Fourier spectra suggests that chaos appears via the
breakdown of quasiperiodicity [39].
To verify these predictions, we performed experimental
measurements and complementary numerical modelling on
a SL. The SL was grown by molecular beam epitaxy on a
(100)-oriented n-dopedGaAs substrate. It comprises 15 unit
cells, which are separated from two heavily n-doped GaAs
contacts by Si-doped GaAs layers of width 50 nm and
doping density 1 × 1023 m−3. Each unit cell, of width d and
Si doped at 3 × 1022 m−3, is formed by a thin (1 nm) AlAs
barrier and a wide (7 nm) GaAs quantum well with a 0.8
monolayer InAs insertion at the center. This generates a broad
miniband, which is separated from the second miniband by
large energy gap [40]. Therefore, according to the classifica-
tion criteria given in [12,13], our sample is in the miniband
conduction regime. For electrical measurements, the SL was
processed into circular mesa structures of diameter 20 μm
with Ohmic contacts to the substrate and top cap layer.
The SL was connected to an external high-frequency strip
line resonator with a resonant frequency fQ2 ¼ 2.38 GHz
(see [37], Figs. S4, S5). Our electrodynamic simulations
together with direct measurements showed that the contact
bonding to the SL acts like the parasitic resonator, with a
resonant frequency of fQ1 ¼ 0.87 GHz. A LeCroy SDA
18000 serial data analyzer was used to measure the voltage
oscillations generated by the SL. The measurements show
periodic V1ðtÞ oscillations with a frequency close to the
resonant frequency of the parasitic resonator [22]. However,
when the external resonator is connected, the results reveal a
transition to chaos. The measurements agree well with our
calculations; see Figs. 5(d)–(f). As V0 increases, the V1ðtÞ
oscillationsandtheir spectraevolveandchaosemerges through
the breakdown of quasiperiodic motion. The transition from
regular [Fig. 5(d)], throughquasiperiodic [Fig. 5(e)], to chaotic
oscillations[Fig.5(f)]demonstratesexperimentallythatalinear
resonator can drive a SL into a chaotic regime [41].
In conclusion, we have shown both theoretically and in
experiment that a linear resonator can transform the character
of the current-time oscillations and, hence, the associated
EM radiation, of a microwave generator. In particular, the
presence of a linear resonator counterintuitively induces
highly nonlinear phenomena including high-frequency cha-
otic current oscillations. The chaos appears because the
external resonator imposes another oscillatory time scale
in the active system, thus inducing complex dynamics via the
breakdown of the quasiperiodic motion. We believe that the
phenomena of linear resonators described here are applicable
to other NDC solid-state devices, including Gunn diodes
[42]. The chaotic high-frequency oscillations observed in
our experiments may have technological applications in, for
example, nonlinear antennas, broadband radar [43–48], and
chaos-based logic [49,50]. The latter also plays a crucial role
in modern chaos-based communication systems [30,31].
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